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We consider a vertical stick constantly accelerated along the x-axis by a force 
F and which elastically collides with point particles of the same mass (atoms). 
The atoms are initially Poisson distributed and are allowed to have four 
velocities only. It is shown that under suitable scaling of the system the displace- 
ment Q(t) of the stick satisfies a nontrivial CLT: Q(t)=vFt+D1/2W(t) 
(Smoluchowski equation), where the values of v and D depend on the fact that 
one atom may collide several times. 

KEY WORDS: Invariance principle; Newtonian evolution; Poisson point 
processes. 

1. I N T R O D U C T I O N  

C o n s i d e r  a B r o w n i a n  par t ic le  subjec t  to a n  ex te rna l  force F. In  the 

so-cal led h igh- f r ic t ion  l imi t  its d i sp l acemen t  Q(t) is descr ibed  by  the 
S m o l u c h o w s k i  e q u a t i o n  (1'2/ 

dQ*(t) = vF(Q*(t)) dt + D 1/2 dW(t)  (1.1) 

v, D > 0, W(t) a s t a n d a r d  W i e n e r  process.  
I n  t h e r m a l  e q u i l i b r i u m  it is genera l ly  be l ieved tha t  the  E ins te in  rela-  

t ion  v = D/2KT (K is B o l t z m a n n ' s  co n s t an t ,  T is the  abso lu t e  t empera tu re ) ,  
holds.(8) 

O u r  a im is to der ive  (1.1) f rom first pr inc ip les ,  i.e., if Q A ( t ) =  

Q(At) /x /~ ,  t >1 O, Q(t) d e n o t i n g  the pos i t i on  of a test par t ic le  subject  to a n  

t BiBoS, Theoretische Physik, Universit~it Bielefeld, Bielefeld, Federal Republic of Germany. 
2 Department of Mathematics, University of Rome "Tor Vergata," Rome, Italy. 
3 Mathematisches Institut, Ruhr-UniversitS.t Bochum, Bochum, Federal Republic of Germany. 

695 

0022-4715/89/0500-0695$06.00/0 �9 1989 Plenum Publishing Corporation 



696 Calderoni and Dfirr 

external force FA = F/x/-A interacting with a heat bath, then we wish to 
show that QA---{QA(t)}~>0 converges in law to Q * - { Q * ( t ) } ~ > 0 ,  as 
A ~ o% given by (1.1) with v and D satisfying the Einstein relation. 

The simplest model one might think of is the one-dimensional infinite 
ideal gas of identical point particles (atoms) of mass m = 1 with velocities 
+ v  each with probability 1/2. The test particle (molecule) is an extra par- 
ticle identical to the others, placed initially at the origin, say, with velocity 
V=  i v .  The system then evolves according to Newtonian dynamics with 
elastic collisions between the atom and the molecule. The molecule is also 
subject to a constant for FA = (1/x/-A F. Then 

1 Era1 1 I~=I~FAt2 (1.2) Q A ( t ) , ~  i~=1 V iA t i+-~  

where Viti+(F/2x/-A)At 2 gives the increments between collisions, V i 
being the velocity of the molecule between the ith and the next collision 
and Ati the time in between. If the increments were independent, the first 
term on the rhs of (1.2) would converge to a Wiener process and the 
second would converge to the drift ~ Ft. We expect therefore that in this 
scaling QA converges in law to a Smoluchowski process with the "Einstein 
relation" �89 = u z, defining the "temperature" of the bath by the mean 
kinetic energy of an atom. 

Surprisingly, we found that this is not the case, 4 but that QA simply 
converges to a Wiener process with the diffusion constant v/p, p being the 
initial density of the bath. This is the process one obtains for F =  0. A little 
analysis of the motion shows that first of all the increments in (1.2) are not 
independent, due to recollisions (see Fig. 1, Section 3). Then our result 
shows that their effect persists also in the limit A ~ oe. What  happens is 
roughly this: If the molecule has, due to the force, a drag to the right, then 
atoms pile up in front of it and counteract the drag. We treat here a two- 
dimensional system of colliding equal masses because the result is mathe- 
matically more interesting: In the limit we obtain at least a dissufion with 
a drift. The molecule is now a stick of length l of fixed orientation 
orthogonal to the x axis which can only move along the x axis. The bath 
is initially a Poisson gas of atoms which are allowed to have four velocities 
( + v l ,  _+v2) only. Note that in collisions only the xcomponen t s  of the 
velocities are exchanged. Since v2 r 0, every a tom can ony interact for a 
time l/v2 with the stick; the possibility of recollisions is reduced, but, as in 
one dimension, the effects or recollision will persist in the limit A ~ oc. 

4 Unpublished results. One may base a simple proof on a "noncrossing" argument used in 
ref. 9. 
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(In fact, slightly modifying our proof to fit the easier one-dimensional 
model described before, one obtains the quoted result.) Also, an "Einstein 
relation" does not hold. 

It is probably fair to say that our results and analysis of the motion 
need to be understood for treating models for which the Einstein relation 
will hold, i.e., for systems in equilibrium prescribing, e.g., Maxwellian 
velocities to the atoms. However, it will not be possible to generalize our 
analysis, which looks very closely at the details of collision sequences, to 
models in which the atoms are allowed to have arbitrarily small velocities 
as in the Maxwellian case. 

It should be noted that here the heuristic argument following (1.2), 
assuming independence properties, only intends to give a rough idea of 
why a diffusion process should appear in the above scaling limit. 

To conclude, we note that the scaling described above is equivalent to 
the following one, which we find more convenient and which is used in the 
paper�9 Scaling space as 1/x/-A has the effect of scaling p ~ A, l ~ 1/x/-A in 
two dimensions and since the mean collision time ( F = 0 )  is given by 
O= l/ply1, looking at times At is equivalent to setting 0 ~ A  -1, and thus 
v+ ~ x/-A, i =  1,2. 

After this work was completed, the Smoluchowski limit and Einstein 
relation were proven for the much easier model of an infinite harmonic 
chain~ 

2. THE M O D E L  A N D  THE RESULT 

We describe first the "heat bath." Consider on ~4 a (position, velocity) 
point process (f2, g ,  P) with intensity measure #A on the Borel algebra 
~ ( R  4) given by (for simplicity of notation we suppress the index A) 

1E o l �9 6,,(d2p) , p = p o  A (2.1) d~A(q, P)=pd2q ~ , 

d2q is the Lebesgue measure on ~2 and ~vi(d2p), i = 0  ..... 3, is the Dirac 
measure concentrated on 

u ~ 
v2/ 

V 1 = A 1/2/) 1, uz=A1/2u 2' 1) 1, - u 2 > O  

A configuration (q/, Pj)j~N (positions and velocities) of identical point par- 
ticles (atoms) of mass m = 1 of the heat bath is a realization of (f2, i f ,  P) 
so that the positions are uniformly distributed with density p and the 
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velocity of each particle is independently chosen to be vi, i = 0 ..... 3, with 
probability 1/4, i.e., 

P1 = e {vi}, i =  0,..., 3 

This describes the initial state of the heat bath at time t = 0. 
We now put a vertical stick of mass m = 1 and length l = lo/x/-A with 

its center at the origin of the system with velocity 

v .  +(01) 

The stick cannot rotate and can only move along the x axis. The stick is 
also subject to a force F = (/0), f = f o A .  One might of course also think of 

other scalings where v ,-~ x / ~  and p l ~  A; p and l are scaled appropriately. 
From our analysis, however, it may be easily seen that if l,-~ A-7, 7 < 1/2, 
the limit equation has no drift and a drift appears only if ~ ~> 1/2. 

We now let the system evolve in time t . .  
The atoms interact with the stick through elastic collisions, but do not 

interact with each other. The elastic collision between, say, atom (i) and 
the stick happens if at some time rq~(r) = QA(z ) ,  [q2(r)[ < l [QA(T) denotes 
the position of the center of the stick on the x axis at time ~] and it is 
defined as follows. 

If V(z- )  and p i ( r - )  are the precollision velocities of the stick and of 
the atom (i), then 

are the postcollision velocities of the stick and the atom. Note that p/2 does 
not change with them. 

Between collisions each particle moves freely with constant velocity p 
and the position of the stick is given by 

QA(t) = QA( T, ) + V~(r)( t  - v) + �89 - "L) 2 (2.4) 

where r is the last collision time before t or ~ = 0. 
The evolution is, of course, not well defined for all initial configura- 

tions of the heath bath. 
Problematic events are infinitely many collisions of the stick in a finite 

amount of time and multiple collisions (i.e., two or more particles collide 
with the stick at the same time). One needs to show that those bad events 
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have measure zero with respect to P, so that there exists g2'cg2 with 
P(g2') = 1 and on ~ '  the evolution of the system is well defined by the 
above prescription for any t < + oo. We were not able to find a quick proof 
of this, but Shigeo Kusuoka has a very original way to deal with this 
problem. Space limitations preclude our giving his proof here; it is 
available from us upon request. Therefore, we simply assume that the 
dynamics is defined for all t/> 0. 

We denote by { VA(t)}t~co" rj the right continuous velocity process of 
the stick. We shall prove the following. 

T h e o r e m  2.1. For  any T <  +o% the process QA = {QA(t)},~Eo, r 1 
converges, as A ~ o e ,  in distribution to a diffusion process Q * -  
{Q*(t)}t~ Eo, rl given by the stochastic differential equation 

1 1 - e  - r  
dt + (vlq) ~/2 dW(t) (2.5) dQ*(t) =-~foO r 

where W(t) is a standard Wiener process and 0 -= (polov~) -1 is the average 
time between collisions, r=pol~v~/v z is the interaction time measured in 
units of 0, and q = (polo) ~ is the mean free path. 

Remark 2.1. Since T is arbitrary, we obtain the result for any 
t e  [0, oe). (4) 

Remark 2.2. Keep q fixed and let l 0 ~ oo and observe that the drift 
of Q*(t) goes to zero. This is what we obtain in the one-dimensional model 
described in the Introduction. 

Keep q fixed and let l 0 ~ 0; then we obtain 

dQ*(t) : �89 dt + (vlq) 1/2 dW(t) 

This is what one obtains using a Poisson bath all times. 
The proof of the theorem is done in two "standard" steps: (i) Prove 

that some easy to handle process (which, however, has the main features 
of the true process) converges in distribution to the limit (2.5); (ii) Prove 
that the true process and the process of (i) are close in probability. In this 
step we use, of course, a coupling argument. The theorem follows from (i) 
and (ii). (5) 

3. T H E  M E C H A N I C A L  M O T I O N  A N D  T E C H N I C A L I T I E S  

Given a trajectory of the stick, let {Sk}k=O,..., N be the sequence of 
collision times and of the times in which the velocity is equal to v 1 and let 
V~= VA(S+), k = 0  ..... N, be the postcollision velocity of the stick. From 



700 Calderoni and D~rr 

{Sk, Vk}k=O,..., N we now construct a sequence {AA4, Qa, j}j=o,...,Nx o f  

intervals and increments. 
Figure 1 (3.6) shows a typical collision sequence considered 

throughout the paper. The reader may consult the figure for the following 
definitions. Collision events considered later are also shown in the figure 
and the reader should refer to it for clarification. For 

/ 0  if VA(O)<O 
S~~ ~ i n f { S k  ~> 0: Vk = --vl } 

(3.1) 

set 

AA,0 + = (0, Sk0], ZA,0 + = Sk0 (3.2) 

For all j ~> 1 let 

Sk2j-,=sup{Sk>~Sk2u u" Vh<O forall kz(j_l)<~h<~k} (3.3) 

and 

Sk2j=inf{Sk>Sk2j_/ Vk = --vl and Vk_l > 0  } (3.4) 

V 

/ A,,,i &'A . . . .  

; *, _J  

Fig. 1. The bold line indicates the displacement of the stick. The thin line traces the position 
of the colliding atoms. ( ) Collisions with "shadow" atoms are not  possible in the one-dimen- 
sional model. 
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Observe that Sk2~ is a Markov time. The increments we wish to 
consider are 

AA,j = (Skaj ~), Sk2~] (3.5) 

with lengths 

�9 A,j = Sk2,- Skaj 11 (3.6) 

For the analysis to follow we found it useful to split AA,j into two intervals, 
A~,j and A+,j. The AA, j should be thought of as the time interval in which 
the stick moves mainly with negative velocity: in AA, j one might find 
"short" periods of time during which the stick moves with positive velocity 
and which end in recoltisions with atoms having negative velocities. This is 
specified in the following definition, where we introduce the non-Markov 
time S&_~ ~ (Sk2~_~, Sky): 

S&j ~=inf{Sk>Sk~j ~:Vk=v~ and inf{Sk,>Sk: Vk,<O}=S~v} 

(3.7) 

hence 

AA,j= (3k2(}_1), S]~2j_I]; z~,j  = (S/~2j_l , Sk2j] 

- = "C + - - S k 2  j - S & j  t "CA,j S k v _ ~  - -  S&~i_ u,  a , j  - 

From this we now construct the position increments. 
For all j >~ 0, let 

(3.8) 

Q~,j  = QA(S&j ,) -- Qa(Sk2,j ~), QA+j = QA(Sk21) - -  QA(SI?2 j_I )  

QA,j = QA,j+ Q~+j 
(3.9) 

For all t ~ [0, T] set 

~'sup{k >~ 0: E~=o zA,j ~< t } if Z+o~<t 
NA(t) = tO otherwise ' (3.10) 

Clearly, the increments Q A , j  a r e  not independent, nor do they constitute a 
Markov process, because of the possibility of recollisions. Our aim is to 
show that the increments are weakly dependent; for this we clearly need a 
control on recollisions. Note that the stick (through the force field and 
through recollisions) could become very slow, and slow velocities increase 
the possibility or recollisions. Our estimate will be based on the following 
definition. 
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Defini t ion 3.1. For j<k ,  we shall say that the increments QA, j 
and QA,k are connected [-denoted by j ( c )k ]  iff there exists an atom that 
collides during AA, j and AA, k, and AA,k is the first interval after AA,j in 
which the atom collides. Moreover, we shall say that QA,j~,..., QA,j,, 
Jl < J 2 < " "  < J , ,  are connected if there exists a subset {j,~ ..... j,~} of 
{Jl,..., J,  } such that 

•,=Jl, J,~=Jn, Jn~ < Jn,+l, jn,(c)jn,+~ for all i = 0  ..... k 

(3.11) 

Lemma 3.1 (Key estimate). For all T <  +o% let OA(T) be the set 
of the trajectories in [-0, T] of the mechanical stick for which no more than 
three increments are connected. Then there exists fl > 0 such that 

P(o~  (r)  c) < CA-~ 

ProoL In all the proofs we denote by C; and Dj finite and positive 
constants. The indices i and j distinguish possibly different constants. The 
constants Dj for the same j may occur in different proofs, but then the 
constants may be different. 

Let Jo be the index of the first increment which is connected with at 
least three increments in the future. Then 

N A ( T )  3 

(2A (T) ~  U {J=Jo} (3.12) 
j = l  

Thus, to prove Lemma 3.1, it is enough to show that for some v, Co > 0, 

P({Na(t) > vAt})<~ CoA -1 (3.13) 

and that 

p({j=jo})<<C1A ~1+~) (3.14) 

The following simple lemma provides (3.13). 
We shall call an atom "fresh" if it did not collide in the past. 

kemma 3.2. Let {Stn}n=O,..., u be the subsequence of {Sk}k=O,..., N of 
the collision times with fresh atoms. Then for every c~ > 0 and A sufficiently 
large 

P({3n:S'-S ' ,_I>A-I+~})<~CATexp(-O-1A ~) (3.15) 

for a finite constant C. Moreover, (3.13) holds for v>30 ~ and Co = 
60-~/(v _ 30-1) 2 TZA. 



Smoluchowski Limit for Simple Mechanical Model 703 

ProoL Let [0, T]=UM=0Fi ,  {F,}~=o,...,M, be a sequence of non- 
overlapping intervals of length A 1/2<~]Fil<~A-~. Then, for A large 
enough, 

{~n:S ' -S"  I > A  -1+~} 

M [A ~] ( i + [ A  ~3 

~< U #during ~) I) the stick has no collisions 
i = 0  j = i  

with fresh atoms} 

M -  [A ~] 

-- [.) Ni 
i = 0  

Observing the strong Markov property of the Poisson field, R + = 
�89 pll+_vl- VA(t)I appears as the equilibrium rate for collisions with fresh 
atoms given that the stick has velocity VA(t). We note first that 

/~A(S, T) = sup R~(u) <~ pl(Zvl + f T )  (3.16) 
uE IS, S +  T] 

and 

RA(S, T )=min (  inf R~(u), inf RA(U))>>-plvl =0 1A (3.17) 
u~ IS, S +  T] u~ IS, S +  T] 

VA(u-) < 0 VA(u ) > 0  

and hence estimates involving collisions with fresh atoms may be bounded 
by estimates on events related to Poisson processes with intensity measure 
~>/RA(S, T) o r  ,~<~_RA(S , T). We shall denote the corresponding 
probabilities by h-P, so that it is understood that in s the event N 
refers to the Poisson process with intensity 4. Such estimates are referred 
to as "Poisson domination." 

Note, however, that the stick accelerates when moving to the right to 
speeds greater than vl, thus creating a shadow, i.e., a nonequilibrium 
distribution of fresh atoms to the left of it. In the one-dimensional setting 
this shadow is a pure vacuum. In the case at hand all atoms relevant to the 
motion of the stick have to be in the strip of width l (these are real and 
virtual atoms, i.e., those which, due to the motion, of the stick are not 
there). Since v2>0  they are renewed every time l/v2. 

Let 
i+  IA=I 

U rj=Et,,t,+,) 
j - - i  

then on Ni there are no more collisions during [ti+l/v2, t~+~). By time 
t~+ l/v2 the stick moves either to the left or to the right. In the latter case 

822/55/3-4-15 
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it sees fresh atoms with pl = -v~ at the equilibrium rate. In the former case 
it sees fresh atoms with p l =  Vl at the equilibrium rate by time ti+ 2l/v2, 
since it takes time I/vz to replace a shadow. 

Then for all i =  0,..., M -  [A ~] 

P during the interval U F s the stick has no collisions with 
j = i  

fresh atoms of opposite velocity}) 

~ 0 IA - -  P (  { no points within [ti + 21/v2. ti + 1 ] }) 

< C1 exp ( -O-~A ~) (3.18) 

with an appropriate constant C~. | 

To prove (3.13), observe that 

{ sup /~A(s,T)>30-~A}~-{Sn:S'-S'_,>Vl/U} 
s c  [0, T] 

and since vl/ f= (vl/fo)A -1/2, by virtue of (3.15), we need only estimate 

P({NA(T)>vAT}c~{ sup RA(s,T)<.30 ~A}) 
s ~ [0, T] 

Since NA(T) indicates the number of increments zA,j (starting at collisions 
with fresh atoms), then 

NA(T ) <~ • of collisions with fresh atoms in [0, T] 

and 

P ( { N A ( T ) > v A T } ~ {  sup RA(s,T)<~30-1A} 
s~  [0, T] 

<<. 30-1A - P({the number of points in [0, T] >~ vAT}) 

<~ 30-1/(v -- 30 1)2 TZA 

Remark 3.1. Given 0<c~<l ,  set G ) = { f o r  all n, S',-S',_~<<.A ~+'}; 
then from (3.15) it follows that (G])  c has exponentially small probabil- 
ity. | 

To prove (3.14) note that 

{ j=jo}=({ j=jo}C~ {j (c)( j+k)forsomek>~3})wD(j)  (3.19) 
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where 

D ( j ) = { j = j o } ~  I ~ { j ( c ) ( j + n ) a n d ( j + n ) ( c ) ( j + k ) f o r s o m e k ) 3 }  
n , 2  

w {j (c ) ( j+  1), ( j +  1)(c)( j+2) ,  and ( j+2) (c ) ( j+k )  for some k~>3}l 

(3.20) 

o r  

fl ~ +~ [ V(t) + vl] dt <~ f z  A,ju (3.22) 

Then (3.14) will follow from 

s tep t :  P( {J= Jo} ~q {J(c) j + k for some k >>- 3 } ) < C2 A-( I  + ~) 
step 2: P(D(j))<. C3A-(~+~) 

The key observation made in both steps is the following: by definition of 
Jo, no increment QA, n with n < J o -  1 can be connected with QJ, k for k>~jo. 
The increment QA,jo-1 can only be connected with QA,So+~ iff QA,j0+~ is 
not connected with QA,~ for all k > j o  + 1. 

'The proof of step 1 contains all the essential ingredients, which is 
simple combinations provide also the proof of step 2. 

Proof of Step 1. By the observation above on {J=J0} c~ { j (c ) ( j+  k) 
for some k>~3} there exists a fresh atom collides first during A~, s and 
recollides for the first time during AA, k. We distinguish two cases: 

(i) The precollision velocity of the atom before the first collision with 
the stick is P~s) = v~. Then the atom in all subsequent collisions is to the left 
of the stick. We have the following trivial bound on the postcollision 
velocity p~l  of the atom after its first collision: 

p(j)l <~ __t)1 + fz~,j  (3.21) 

where the equal sign holds if there is no other collision during A A.j, i.e., the 
first collision of the atom is at S~2 j 1. 

Note that in all future recollisions the 1-component of the velocity of 
the atom decreases, so that the right-hand side of (3.21) is still a bound for 
all the pre- and postcollision velocities of the atom. 

Let s be the time of the first collision of the atom. After s + l/v2 the 
atom cannot be reached anymore by the stick. If a recollision is to happen 
at time s + u, then by virtue of (3.21) 

fl ~ +u V(t) dt <~ (--vl  + fz~,j) u 
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with 
u <<. l/v2 (3.23) 

Now, since the atom can only change its velocity due to collisions with the 
stick and since each increment QA_, starts at a collision with a fresh atom 
with 1 = - v l ,  it follows PA,n starts at a collision with a fresh atom with p~ 
from (3.22) and (3.23) that 

{J = Jo } c~ {j(c) j + k for some k/> 3 } n {p~j) • l) 1 } 

----- {J=J0} C~ {the stick collides with a fresh atom withp I = v~ 
at some time s s AAj and encounters at least k 
fresh atoms with p~ = - v l  during Is, s + u] and 
(3.22) and (3.23) hold} (3.24) 

(ii) The precollision velocity of the atom before the first collision is 
p~j) = - v l .  Then the atom in all the subsequent collisions is to the right of 
the stick. Again, we have the following bound for the postcollision velocity 
of the atom: 

p(j)l <~ -Vl  + fzA,i (3.25) 

Let s be the time of the first collision of the atom. Then to have a recolli- 
sion at time u 

f f+" V(t) =fi)u (3.26) dt 

and by (3.25) 

f f + "  [V( t )+v l ]  dt<<.frA,iU, u<~l/v2 (3.27) 

which is the same as before. Hence 

{J = Jo } c~ {j(c) j + k for some k >~ 3 } n { P ~J) = - v~ } 

right side of (3.24) (3.28) 

We shall denote by E(vA,j) the event on the right of the inclusions (3.24), 
(3.28). Hence 

P ( { j = j o } c ~ { j ( c ) j + k f o r s o m e k > ~ 3 } ) ~ P ( E ( T ~ , j ) )  (3.29) 

Let B(~A,i) denote the event 

B(ZA, j) ---- {during A~,j the stick collides with more than two 
fresh atoms with pl = - v l  } (3.30) 
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Then 

G~ ~ {J=J0} n B(ZA, j) 

_ {at least three collisions with fresh atoms with 
pl = - v l  occur during [Sk={s 1 ) :  ~ Sk2(j-i) "~ 5A I +~] } 
c~ G~ ~ {J=J0} (3.31) 

This may be seen by considering the complement of B(z2,s) on 
G~ ~ {j =Jo}, i.e., 

{the stick has less than three collisions with fresh atoms with 

p* = - v  I during [Sk2o u' Sk21j u + 5A-1 +~] } 

_ {during AA, j the stick collides with less than three fresh atoms 
withp I = -v l}  (3.32) 

Now, on the event on the left we must have at least three collisions with 
fresh atoms with pl = v~ during [S<o_u, Sk:(j ~ + 5A ~ +~]. But then 

AA,j----- [Sk21j 11' Sk21j ~/+ 5A-1+~] 

and the inclusion follows. 
Note that S~2~j_u [cf. (3.1) and (3.4)] is a Markov time, i.e., the left 

collisions with fresh atoms after the time Sk~j 1~ are governed by the rate 
R~ .  Note that on {J=J0} (recall our key observation) 

sup 
tE [0,5A q + ~ ]  

VA(Sk2( j -  1) + t) < 0 

Rj(Sk2~; l l+t )<~pl f5A 1+~ 

Hence 

P( {J = Jo } c~ { at least three collisions with atoms with p~ = - v l  
occur during [Sk2~j 11, Sk21j u + 5A-1 +~] } 

<~ 5plfA -1+~ _ P({there exist at least three points in [0,5A 1 +~] }) 

<~ [plf(5A-l+~)2/213/3! = D 1 A  3/2+6~ 

where we have used in the second inequality the strong Markov property 
and the "Poisson domination" (cf. Lemma 3.1). 

We use (3.32) now in (3.29) as follows: 

P(E'cA, j) <~ D~ A -3/2 + 6o~ _]_ P((Ez A-,j) n B(r ~,:) C) (3.33) 
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By simply counting the numbers of fresh collisions, we obtain that on 
B(z A,j) ~ n {j =Jo} 

"CA,j~ 5A -1+~ (3.34) 

and for (3.22) we obtain 

f • + •  [V(t)  + v,] dt <~ f 5 A - '  +~u (3.35) 

By the strong Marker  property and observing that the right of (3.35) 
multiplied by �89 pl is a bound on the collision intensity during [-s, s + u], we 
may simply estimate by (3.23) 

P(E(A,j) B(A,y) 

<~ ptf5A - ' + ~ - P(at least k points in (0, l/v2)) 

<~D2Ak(-I/2+~) 

For k~> 3 and A large enough, (3.33) and (3.36) yield 

(3.36) 

Hence, for k = 3, we may choose/~ = 1/2 - 3~. 

Proof  of  S tep  2. For simplicity we start with 

(i) One atom connects all the intervals, i.e., some fresh atom 
with p~ = +v 1 collides with the stick during the interval 
A~,j and recollides during A~,j+,, and A~,j+#, (3.38) 
n =  1, 2, k>~3 

We observe that in recollisions the atom in question is pushed further away 
from the stick. Hence the estimate os step 1 essentially applies and thus the 
right-hand side of (3,37) is an upper bound for the probability of (3.38). 

(ii) The situation is different if more than one fresh atom is connect- 
ing. Suppose first that another fresh atom connects j + n with j + k, n = 1, 2; 
k~> 3. Since the postcollision velocities of the stick due to recollisions 
during A~,j cannot become larger than - v ~ + f v A , : ,  the postcollision 
velocity/~'1 of the fresh atom satisfies in both the cases (p'~= +_v~) the 
inequality: 

-tl  ~ __ 
p ~j+,~ <~ --v 1 + f z ~ , j + f  ~A,j+h, n = 1, 2 (3.39) 

h=l  

On the set {J=Jo} ~ {j(c)( j+ 1), ( j +  1)(c)(j+2),  and ( j + 2 ) ( c ) ( j + k )  for 

P({J=Jo}  n { j ( c ) ( j + k ) f o r s o m e k > ~ 3 } ) < ~ A k ~ - l / z + ~  (3.37) 
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some k>~3} the connection between ( j + l ) ,  ( j + 2 )  and ( j+2 ) ,  ( j+k) 
could be due to one or two fresh atoms. 

For this, note that (3.39) serves also as a bound for all postcollision 
velocities of the atoms that collided with the stick during AA, j, n = 1, 2. 
Hence the bound (3.39) replaces the bounds (3.21) and (3.25) of step 1. 
Furthermore, it is easily seen that the probabilities of different possibilities 
of connections can be estimated by adequate combinations of step 1, obser- 
ving, however, (3.39). Considering also (3.37), it is rather straightforwardly 
seen that the above event has probability less than C2A -3/2+3~ | 

A consequence of Lemma 3.1 is the following. 

Lemma 3.3. For all O<j<~NA(T), no> 1, and any 7 > e  

P({ZA, j>A-I+>'}nG~A~f2~(T))~C4 A2~~176 (3.40) 

for A large enough. 

Proof. By Lemma 3.1, on s j cannot be connected with any 
h<j--2.  Let 

B(ZA, k, n ~ = {during A~,k the stick collides with more than 
( n o -  1) fresh atoms with p~ = - v l  } 

2 Then on G~ ~ ([(~k=OB(ZA,j_k,  no)el) and for A large enough, ~A,j iS 
certainly smaller than A-  1+ ~ for 7 > c~, which easily follows by noting that 
on G] n ([N~=0 B(~A,j k, no)C]) and during A~,j the stick collides at most 
with n o -  1 fresh atoms with p ~ = - V l  and can recollide at most with 
6no + 2 atoms which collided first during AA,j_ ~ and AA, j+~ [see definition 
of AA,j in (3.8)]. Hence 

P ({z~ , j>A- I+~}  n G] nDA(T) )  

-..<P({B(~,j 1,no) C~ { ( j - 2 )  
is not collected with any h < ( j -  2)} c~ G~) 

+ P({B(rA,+_2, no)'~ B(ZA, j_,,  no) ~ {(j-- 2) 
is not collected with any h < ( j -  2)} n G~) 

+P(B(zA,.j 2, rto)"~ B('cA-,j-1, no)~c~ B(T/d, no)c~ G~ c~ s 

(3.41) 

Since all three terms on the rhs of (3.41) can be dealt with in the same way, 
we only estimate the last one. 
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By similar arguments used to prove (3.32), we have that 

B('c ~,j 2, no) c ~ B(z A,j_ 1 ,  nO) c 0 B(z y j no) c~ G~A ~ s ( T) 

c__ {at least no collisions with fresh atoms with p~ = - v a  occur 
during [Sk2(j_l~, Sk2~j_~ + (6no + 3) A -~ +~] } 

and then 

P(B('CA,j_2, no) ~" n B(ZA, j 1, no) C c~ B('cA,j, no) c~ G~ c~ ~2A(T)) 

<<[plf(6no+3)2A 2+2~/2],O/no!=DsA-(~/2 2~),0 | (3.42) 

For the following definition we suppose that at S&j i the stick is sur- 
rounded by an equilibrium distribution of fresh atoms; when the stick now 
moves to the right, this situation changes, since its velocity becomes larger 
than v~ and thus creates a shadow with a nonequilibrium density of fresh 
atoms (see Fig. 1). Increments for which collisions happen with these 
"shadow atoms" are dealt with in the next lemma. 

For all h>~0, for which during AA,j+h the stick did not yet cross the 
line 

Q(S~2j_~)+v12, 2 ~ 0  (3.43) 

we define ij+(h ) to be the smaller of the two solutions of 

h ~ 1 2 

QA+i+O'(h) Z Qa,J+n--Vltj+(h)+~fir 
n = l  

=Vl r L j + O l ( h )  ~ rA,j+(n~+ij+(h~ (3.44) 
n = l  

or ij+(hl= oo otherwise, O 1 being the Heaviside function at 1. Note that 
tj+ (h) is the time (from Sk2~j+h~ on) for the stick to leave its shadow (created 
from S&j 1) if no further collisions with shadow atoms occur. In abuse of 
notation we thus associate with each S~z ~ a time i,,  n standing for j + h and 
j +  (h), respectively, and S~2j_ , is the time for which the definition above 
holds. 

D e f i n i t i o n  3.2. Let s be the set of trajectories for which there 
does not exist j such that for some h ~> 2 and for all n = 0, 1, 2, 

Sk2(j+.~+ 1 e [Sk2(j,,j, Sk2~j+l, + ii+ ~] (3.45) 

O+(T) is the set of trajectories for which no more than two subsequent 
collisions with "shadow" atoms occur. Set 

g2A(T ) = O~(T)  c~ g2~- (T) m G~ 
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Lemma 3.4. For all T< +oo 

P(g2A(T) C) <~ CsA -~ 

Proof. Let Jl be the first index for which (3.45) holds; then 
N A ( T )  --  3 

(2+ (T) c= U {J=Jl} (3.46) 
j=o 

Observe that 

P(f2 A( T) c) <~ P(12 ~ (T) c ~ [Y2j (T) n G~ ] ) + P( [f2] (T) ~ G~ ] ") 

Hence, in view of Lemma 3.1, Remark 3.1, and Lemma 3.2, we need only 
to show that 

P({J=Jl} ~ (2~(T)) <~O6 A-3/2+l~ (3.47) 

From (3.44) we easily get 
n 2 

ij+, <~ 2-~1 (h~o z ],j +,, ) (3.48) 

First observe that 

} ~ fthe stick collides with a fresh atom with p~ = {j= 
J l  1) 1 

M 

ISk2j, Sk2j + f ~r + ~:~ during 2vl ~ A,j~ J, with a different 

fresh atom with p~ = vl during 

L ' ] Sk2~j+,~, Sk~i+~ + ~vl (~A+'J+ ~A+'j+ 1)2 and again 

with a different fresh atom with pl = Vl during 
2 + 2 

[Ska~j+~,, Sk2(j+2, + ~v~ (h~o ~ , j+  h ) ] }  (3.49) 

Suppose now that for any j =  0,..., NA(T ) and y > 

P({zLi>  2A ~+e} c~ g2j(T)) ~< C6A 3/2+6c~ (3.50) 

Then (3.47) easily follows by "Poisson domination" with the al(2Vl + 
2fA ~+~)--P law. So we prove (3.50). First, note that 

{ ~.A,j>2A+ 1 + ~ } ~ { the stick collides with a fresh atom with 
p l = - v ~  during [Sk21j ~1, Sk2~j ~ + 2 A - 1 + ~ ] } - ~  r 

(3.51) 
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which easily follows by taking complements and by observing (3.4). But by 
(3.40) with no = 3 and 1/12 > e > 0, and Remark 3.1, 

P ( d  c~O~(T)) 

-,,< P({VA, j > A -1+~ } c~Y2;(T) c~G~)+P(G~A ~) 

+ P ( d  r~ {ZA, j <  A - ' + ~ } )  

<~ C4 A 3/2+6c( _~. C6 e x p ( - 0 - 1 A  ~) 

+P({~ r  ~ {z~, j<A l + y } } )  (3.52) 

Note that on d ,  [Sk2~j_l~, Skaj ~ + 2A-1 +~] is contained in A . j .  Therefore, 
if z2 , j<A 1+~ we have that VA>0 at least during [Sk2~j_~+ 
A I+~,S~2~j_j~+2A 1+~]. After S~v_,, VA can only become negative 
through a collision with a fresh atom with pl = - v l ,  which is precluded on 
~r Hence 

P( {z~,s < A -1+ ~} c~ ~r 

~< P({there is no collision with a fresh atom with pl = - v l  
during [&,as 11 + A-1 +7, Skaj_ll +2A l +~] given VA(t) . 
is positive for all t~ [S~a j I~+A -~+~, Sk21j ~i+ 2A ~]}) 

~ plvl - P( {no points in [0, A l + ~ ] } ) ~ e x p ( - 0 1 A ~ )  (3.53) 

by the obvious "Poisson domination." | 

We find it useful to redefine the sequence {Q~,j, A + " A,j},J = 0,..., NA(T). Sup- 
pose that j is the index of the first increment for which A 2,j ends in a colli- 
sion with a "shadow" atom; then we wish to consider (Q,j-I, '+ AA,j_'+ 1), 

t+ + t+ __ZJ+ 
/f A , j - -1 - -  A,j  1 Q . j - 1  = QAd- I+  Q . j ,  wAa,j,  as one positive (incre- 

ment, interval) if Aa,s+l does not end in a collision with a "shadow" 
atom; otherwise, ' + - + ' + + QA,j-I--QA,j I+QA,j+QA,j+I and Z~A,j--1 = A  A,j 1 U 
Aa, j w Aa,j+ 1. We repeat this for all following increments (see Fig. 1). 

This construction takes care of the trajectories in QA(T); on 
g2A(T) ~ we leave the increments as they are. Let us denote by 
{ '+ A,+ (QATj, ~,j)}j=O,...,N'A(T) t h e  new sequence. 

Since for each A'A-j there exists some A~,, we shall from now on 
denote by S~2~j 1~, S~2~ ~ and S'&~_I, Sga~ , S,2,_~, and S&,_~, respectively. 

We are now in a position to define "good" (the generic) increments 
and "bad" increments. 

D e f i n i t i o n  3.3. We shall call an increment Q~,~ "generic" if: 

(i) There exists n such that either ' + - ' + + Q A , j -  QA+,n or Q A,S = QA,, w QA,, +1 
and if one of the following three conditions hold: 
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(ii) k2j 1-k2(j  1)=0 (then the stick has no recollision during A~,j). 

(iii) kzj_~-k2(  j ~ =  1 and during the interval A'A_j, after the time 
S~j ~ +1, the stick has no recollision with atoms that collided first during 
some interval A~, k with k < j .  

(iv) k2j 1-kz~j  11> 1, and the stick always collides with the same 
atom until S;~j_~, and the next collision where the stick gets again a 
negative velocity is a collision with a fresh atom. 

and 

Let 

N1 = {j: 0 ~j<<, NA(T ) and Q'A,j is a "generic" increment} (3.54) 

N2 = {j: 0 ~ j  ~< N~(T) and j r  N1 } (3.55) 

The lemma we shall prove next using Lemma 3.3 justifies the terminology. 

I . emma  3.ft. Let N2 be the set defined in (3.55). Then 

P(f2A(T ) c~ { j ~ U 2 } ) ~  C7 A-1 +2~ 

ProoL By definition of the set N2 it follows that 

{ J e U 2 } c  { ~ksuch '+ + + QA,k+2} _ that Q~ j = QA k q- QA, k + 1 

u ( { 3 k :  ' +  QA,j=Q+kor '+ + Q,4,j = QA,k + QA,~ +1 } 

{one of the conditions (ii), (iii), (iv) does not hold}) (3.56) 

From (3.48) it easily follows, as in (3.49), that 

P({3ksuchtha t  ' + -  + + QA, j -QA ,k  QA,~+I +QA,k+2}~f2A(T))<~D7A 1+4~ 

(3,57) 

It only remains to estimate the probability of the second set on the rhs of 
(3.56). I f j  does not Satisfy one of the condition (iii), (iv), then one of the 
following occurs: 

(a) k2j_ 1 - k 2 j  2 > 1 and the stick collides with at least two different 
atoms during A'A~j and before the time S~2j_~+ 1, 

(b) k 2 j _ l - k 2 j  2--1 and the stick recollides after the time S' 
- -  k 2 j -  1 5- 1 

during A'A_j. 

On f2A(T)r~ {~k: '+ '+ '+ + Q A,j = Q A,k or  Q A,j ~- Q A,k + Q A,k + 1} the increment 
Q'a,-j can always be identified with some increment QA,k(j) for some 
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O<.k(j) <~NA(T), and Q2.k(j) can only be connected with QA.k(j)-I and 

Q A, k(j) - 2. 
Suppose, first, that Qa.k(j) is not connected with any QA,n for n < k. If 

(a) and (b) occur for Q'Zj, then 

{j e N2 } c~ {k(j) is not connected with any n < k(j)} 

_co {k(j) is not connected with any n < k(j)} 

n ({at least two fresh atoms with pl  = -Vl collide with the stick 
during [S2w 1)' Stk2j-I ] } 

vo {the collides with one fresh atom with pl = - v l  during 
($22/j_,~, S~,~j_,] and with at least one fresh atom with pl = - v ,  
at some time s > S' 1 }) (3.58) k2j- 1 + 

S t  ! ! Note that for t e  [ k~;_~, Sk~j ,], R2(t)<<.plf(t-Sk~e_~)/2 and 
R+ (t) >>. plv~. 

Then we use "Poisson domination" with plf(S'kv ~-S~,2t,_1~)-P law 
for the collision event and "Poisson domination" wi th  p / v l - P  law to 
control the length of the interval S2~j_~- S~2( j ,}; hence we obtain that 

P( {j �9 N2 } c~ { k(j) is not connected with any n <  k(j) } ) 
] oo oo 

<~ D8 A-1  (3.59) 

Suppose now that k(j) is connected with k ( j ) -  1, but ( k ( j ) -  2), ( k ( j ) -  1), 
and k(j) are not connected. From (3.59) we obtain 

P({kzk(j) - 1 - -  k z ( k ( S ) -  1) ~> 2 } 

n {k(j) is not connected with any n < k(j) - 1 }) 

<<. DsA -1 (3.60) 

and similarly, observing also (3.37), 

P ( { k 2 k ~ j ~ _ ,  - ~2~k~j~ ~ = 1 } 

{k(j) - 1 is not connected with any n < k(j) - l } 

n { ( k ( j ) -  1)(c) k(j)}) 

<~D9 A ~+2~ (3.61) 

By virtue of (3.60) and (3.61) we have only to deal with 
k2k(j)_x--k2(k(j)_l)=O and ( k ( j ) - l ) ( c ) k ( j ) ,  i.e., no fresh atom with 
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pl=--/r collides with the stick during AA,k(j)-~ and one flesh atom 
with pl = v~ collides first during Aj, k(j). That is, a recollision and at least 
one fresh collision occur during A~-k(j). Similarly as in (3.59), we have that 

P( {j  e N2 } ~ { k2k(j) _~ -- k2(k(+) - ,  ) = 0 } C~ { k(j)  - 1 (c) k(j)  } ) <~ D 10 A 1 

dt plvle pt~1~ J~ ds pl [Vl + 

X f o  d u ~ f f ( t + u )  e p'~'" 

~<Dlo A-1 

(3.62a) 

e plvl(s-- t)  

(3.62b) 

The first two integrals in inequality (3.62b) are bounds for the probability 
that the stick collides with a fresh atom with pl =v~ during AA, K(j)_ a and 
recollides with it during Aj, k(j); observing (3.23) and (3.24), the third 
integral is a bound for the probability that the stick collides with at least 
one fresh atom with pl = - v l  during A~,k(j). 

To conclude the proof of the lemma, we remark that there exists 
fl < 1/2 such that 

P({k(j), k(j)  - 1, k(j)  - 2 are connected } ~ (2A(T) ~< C 8 A -1 + ~ (3.63) 

which follows from the proof of Lemma 3.1. | 

Remark. An increment is roughly of the order of A -  ~/2. A bad incre- 
ment, i.e., an element of N2, appears with probability A-1 + 2~, and thus 
contributes to the process with order A -  3/2 + 2-y and if there total is A, their 
total effect vanishes like A t/2 + 27. Thus, the process will be determined in 
the limit by generic increments, which are all pictured in Fig. 1. We make 
this precise in the next section. 

4. A N  A P P R O X I M A T I O N  

We shall now define a process QA = {0A(t)},~ ~o, rl which is essentially 
built from the generic increments of Q~. These are pictured in Fig. 1. To 
understand the construction of the typical increment of Q~, recall that the 
stick has in the generic increment the possibility of recolliding. The recolli- 
sion is captured in the description of XA below. These define in sense QA 
abstractly. Then we couple QA and QA, i.e., we realize them simultaneously 
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on the same space (O, ~-, P), on which we shall show that they are close 
in probability as A --* ~ .  We shall construct QA on the probability space 

(~, ~r P)= (~, ~,  P) • (w, ~ ,  ~) 

where ( ~ ,  d ,  ~ )  is a suitable probability space to be specified later. The 
realization of QA on ((2, ~' ,  P) is obvious. 

To construct QA, we introduce a virtual stick, whose motion we shall 
describe next, defining a typical increment XA. The virtual stick is invisible 
for the atoms, and we use the terms crossings, encounters, etc., when an 
atom passes through the virtual stick. 

Put  the virtual stick at the origin of the Poisson bath. The virtual stick 
starts with velocity V= - v l  and it moves according to Newton's law in the 
force field FA. Atoms which crossed the virtual stick are taken out of the 
bath; the stick continues its motion unaltered. Let 

SA = time of the first crossing of the virtual stick by an atom with pl = va 

if no atom with p l =  -v~ reached the virtual stick before. 
If the virtual stick encounters an atom pt = -v~, p 2 =  _V 2 (_FV2), first, 

say, at y (parametrization of the length of the stick) at time g, then let 

the time of the first crossing after g by an atom 

= ~ with pl _- Vl if this time is larger than ~ + y/v2 Is + ( l -  y)/v2] 

SA ] the time of the second crossing,after g by an atom with 

~,pl = Vl, otherwise ( recollision ) 

We define 

t~ = min(SA, 2vl/f), X y  = - v l t j  + �89 2 (4.1) 

Now, we put the virtual stick at the point --VltA +�89 2 at time tX. 
The virtual stick starts with velocity V= +Vl. 

The stick moves again according to Newton's law in the force field F A. 
Atoms which cross are taken out of the bath. Let t5 + 7~ be the time of 
the first crossing of the virtual stick by an atom with velocity pa = -v~ and 
let ~ be the smaller of the two solutions of 

~ 1 + 2  Vl t+ +~J~A --vls+ lfsZ=Vl(t+ +s) (4.2) 

or ~ = oo otherwise. Now the virtual stick splits into two: One part changes 
its velocity to - v l  and moves under the force until tA + t + --tA + 7J-+ 
f (~ )2 /4Vl ,  if it does not encounter an atom with pl = Vl during [ t j  + 7J,  
tA + 7J-+~],  and if it does, we follow the undisturbed motion of the 
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second stick until t A + t , ~ -  t A + i~-+ (the time until the second crossing 
by an atom with pl = -Vl). 

Then we set 

X~ = v l t ~ ,  XA = X ~  + X ~ ,  tA = t~7 + t~ 

We now define the increments QA.j for a given trajectory of the mechanical 
stick. (~;,j is obtained by putting the virtual stick at the point QA(S'k2~j_x~) -- 

1 , i' is the time defined in (3.44). Note that v l t j _ l + ~ f i ~ _ l ,  where j-1 
QA(Skaj 1~)--Vl t) 1+ � 8 9  is the position of the mechanical stick at 
time S~j_I ~ + t'j-1 in case of no collisions with "shadow" atoms. From this 
time on, the mechanical stick "sees" again fresh atoms with the equilibrium 
rate. 

The virtual stick behaves now according to the above description of 
the typical increment XA where the time-zero Poisson bath is replaced by 
the bath seen by the virtual stick at time S~2<j_~ ~ + i5 ~ and accordingly we 
shift the times g, SA, and t~ by that amount to gj, SA.j, and t~,j and we 
deote the times corresponding to i + and ~ by vA,j~ + and ~j. Then we set 

~'- = Oa, j - -V l fA , j+~ f ' gA5  (4.3) VA.j min(SA,j, 2vl / f ) ,  and *,_ = t 1 t 2 

and 

~I-{- _ _  

"CA, j =  

g~ J + f_~ ~+ 2 if there is no crossing by 
' 4vl 'J a fresh atom withp I = Vl during 

[S 'k2( ,_ l ,+i j_ l+g + ' * + ~ j + S j ]  A,j, S~2 v 11 + tj_ 1 

g~-j + (the time until the second crossing by an atom 
with pl = - v l )  otherwise (4.4) 

Furthermore, let 

A t +  l ~ t +  

QA,j = v  ~A,j, Q A , j = Q A , j + Q A , j  

Note that Q].j is a version of X A. 
We say that Q],j has property E is all atoms which define ~' Q A,j collide 

with the mechanical stick during A3,j. Then we define 

A t 
~QA, j if it has property E ('Tc~P") 

OA,j = [HA,  j otherwise 

where HA,j is a random variable whose distribution is the conditional dis- 
tribution 

Pa~,,(- [ {'7 r E"}) 
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and which is independent of ' '  QA,~ and of HA, i for i r  and of property E. 
We have 

r177 _ TA~j if jhas property E (4.5) 
A,j-  ,~2 , j  otherwise 

where ~ , j  are random variables whose distributions are the conditional 
distributions 

PG~j([ .{"J C E"} ) 

independent of QA, i ~' and of '~-+A,~ for i # j and of property E. 
If P (" j6E")  =0, there H A , j = O  and ~ + j = 0 .  
We choose ( ~ ,  s4, N) as the space on which we realize the random 

variables Ha,j and ~+,j. This way, all the QA,j are independent copies of 
each other. To see this, note that the times S~:2(j_~+ i~_ ~ are such that all 
the fresh atoms surrounding the mechanical stick are Poisson distributed. 
Furthermore, due to property E, the atoms defining QA,~ do not define Qa,k 
for all k, l < j, 1 # k. Furthermore, virtual recollisions in (~A,j, i.e., collisions 
which are not possible given the increments Qa,~, i < j ,  do not occur, due 
to the specific structure of the motion and due to property E: the "no atom 
information" during A~,j moves with -v~ since the atoms defining QA,~ 
also collide during A],~ and therefore the virtual stick never will be moved 
to a position where it could catch up to this information. During rA,~ -+ the 
"atom information" which could be relevant for the future motion is not 
registered in the ~+ QA,~ increment. Let 

N'A( T) 

ii'A(T)= Z CA,j (4.6) 
j = 0  

We define 

(a) K2( t )= in f  k~<0suchthati?A(t)+ ~ tA,n>~t if i?A(t)<t 
n = 0  

(4.7) 

(b) K~( t )= in f  h>~0suchthat  ~ ~A,j~>t if TA(t)>~t 
j = 0  

where tA, n = t~, n --}-ta, n " tA,. and t + , A,. are independent copies of the random 
times t~ and t J .  We now define the process OA = {OA(t)},~ Eo, rl: 

f 
K ~ ( O - -  1 ~ 

jZ=o QA,j ff ~(t)>lt 
O A ( t )  = N~(t) K~(t)-- 1 

E 0A.j+ E Xa.n if 
j = 0  n = 0  

f 'A(t) < t 

(4.8) 



Smoluchowski Limit for Simple Mechanical Model 719 

where 

x . , , , = x k . + x 2 .  

X +  = v l t  § .lEA- = _ v l t ~ . . +  ~ -2 A,n A,n~ , 2 f t A ,  n 

with (ta+,,; tS, .)  the random times defined below (4.7). 

(4,9) 

Lemma 4.1. For all T<  +o% the process {Q~(t)}t.~o,r I given by 
(4.8) converges in distribution, as A--* o% to {Q*(t)} ,~ro,  r3 on D ( [ O , T ] )  
endowed with the Skorohod topology. 

Proof. Let 

K.~(t) =inf  k: ~ tA, ~ >~ t (4.10) 
n ~ O  

and let {X~(t)},~ ~0, r~ be the following process: 

KA(t ) - -  

x~(t) = F. [ x~ , . -  f(x~,~)3 
n = 0  

(4.11) 

where the XA, . are the random variables defined in (4.9), i.e,, independent 
copies of the random variables X~. 

Then, to show that (~A converges in distribution to Q* is equivalent 
to proving that the process {X~(t)}~Eo, r3 converges weakly to a Wiener 
process with diffusion coefficient a ~ ( v l q )  ~/z and that vK~(,)-i F(XA,) Z ~ n = O  

converges in probability to the deterministic process �89 - e - ~ ) / r ]  t. ~5} 
For this we shall use Corollary 3,8 of McLeish. ~6~ Let 

and let ~.~,n denote the a-algebra generated by { a,j, tS, j}j<_.. Then 
{XA(t)},~Eo, r 3 converges to a Wiener process with diffusion coefficient 
a = (v~q) ~/2 if for all t~ [0,T]: 

(a) ~. E(J(~,~.Z{IxA,_~.v~,.)~>~}l~.~_l) ~ 0  in prob. as A--+ ec.) 
n ~ O  

(b) ~ E(2~,.I ~ ) ~ v l q t i n p r o b .  a s A - ~ o e  
n = 0  

(c) ]E(2~,nl~A.._l)l --*0 in prob. as A --. oo 
n = 0  

(4.12) 

g2Zi55]3-4A6 
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Note that 

{n<<.KA(t)}= (tA,j+t2j)<t e~, .  1 
J 

so (c) is obvious. 
For the same reason, (a) and (b) may be written as 

(a) ~ Z{n<~KA(t)}'ff-((XA,n--~-(XA,n))2"Z{IXA,n_E(XA,n)I>~})-"~O 
n = 0  

in prob. as A ~ 
(4.13) 

(b) ~ Z{.~KA(,))" F-((XA,.-- ~:(Xx,.)) 2) ~ vlqt 
n = O  

in prob. as A ~ oo 

By Chebychev's inequalities the left-hand side of (4.13a) is bounded by 

Z{n<~KA(t)} " ~-([XA,n-- ~-X A, n) ]4) 1/2 P(IXA,.-- ~:(XA,.)I > ~)~12 
n--O 

<<.e-~KA(t) ~-(EXA,o - ~(XA.o)]4) ~/2 ~([XA,o - E(XA,o)]:) ~/: (4.14) 

We compute now E(XA), ~(X2), E(X4), and E(tx). We shall start with 
~(tA)----~z(t~)q-IV(/j). By definition of the random time t j  VEq. (4.1)] we 
obtain that 

~-(tA)--r2vl/fdtpl(tPlf~) 

+JodyJo dtp f te -p ' l t  aspl V l - - ~ f s  e -p'vl("- 

f s V + 2 v l / f ( ~ )  x dupl vi- fu e-plvl(u-s)bl 

-~-fttf;f:; +2vl/fdu pl(Vl--~fu) e -p'v~(~ t)u] (4.15) 

Interchanging the integrals, we obtain that 

E(tA)=f2 "'/f dtpl(v, - f  t) e-;Z~'tt [1 -[- r2  in(v2u'/ dy~lpf(t-Y)2 

' 1 ' dy fS'n( ',~'+ ( ) }  +~ ds~pfsf' ~ Yi'2)dupl v , - l  fu (4.16) 
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From this we compute 

~_(t~)=OA-X + foOZvllA 
k - - /  

(4.17) 

and the following bounds for E((tA)k): 

E((t~ )k) = K! OkA-k + O(A-(k + 1/2)) (4.18) 

We shall now compute E(t + ). We start with computing the probability 
of the set [cf. (4.2)] 

CA = {the virtual stick collides with an atom with pl = Vl during 

7+ [ A,j, 

We have 

p ( c A ) = f o d t p l ( V l + ~ ) e  [l(l)lt+fl2/4)fft2/2VldPt(, ) d O  

;o ( ;: = dtpl vl+ e -~162 dsv2 +O(A -1) (4.19) 
t - l/v2) v 0 

where Pt(s)= P({the stick has a collision with an atom with p l =  vl during 
It, t + s ] } ) .  For  this, note that in the corresponding one-dimensional 
model the probability on the left of (4.19) would be zero, since the 
accele, rated molecule which moves to the right leaves a "shadow" with no 
atoms in it. When the molecule moves again to the left, then the first time 
it can collide with an atom moving to the right is only at 7 + + ~. Collisions 
which are not possible, given the past trajectory, are sometimes called 
virtual recollisions. 

In the two-dimensional model, the stick also has a shadow, but now 
atoms can enter it (see Fig. 1). 

At time s the length of the shadow in one dimension isfs2/2; pv2(fs2/2) 
is the rate with which atoms enter the shadow. An atom which entered the 
shadow leaves it after a time I/v2; this explains the boundaries of the 
second integral on the right of (4.19). 

From (4.19) we get 

P ( C A )  = fO dt plvle-P'v~tpf~2 t 3 

;; + dt l t 1 - ~  Iv2 plvle-PV, ._~fv2 t + O(A-1) 

l(r--;____:) 
=-~ foOv{ A -  O(A (4.20) 



722 Calderoni and D0rr  

By definition of t + we now obtain that 

~-(t~.o) = f o  dt pl(Vl + l f t )  e-Pl(~t+~/4)(t + ft2/Zv])[1 - Pt(ft2/Zvl)] 

+ f o  dt llp(v 1 + �89 e Pl(vlt+fi2/4 ooff'2/2~] dPt(s)fo~ du pl(vl + �89 

x e pt(~l. + fu2/4) [ t + U + f (  t 2 -b S 2 "q- 112)/4v 1 ] (4.21 ) 

Thus, 

Iz(t+)= [1 +P(CA)]  dtlpvle-Ptv~,t+O(A 5/2) 

= O A -  + } f o  0 Vl  ~ A-3/2 + O ( A  -5/2) 

From (4.21) it follows that for all k>~2. 

f? ~- ( ( t~ )k )=[I+P(CA)]  dt' plvle Ptv~ttk+O(A-(k+l/2)) 

= [1 +P(C~) ]k!  O~A-k+O(A  (k+1/2)) 

From (4.17), (4.18), (4.21), and (4.23) we obtain that 

E(tA) = 20A -~ + O(A -~/~) 

(4.22) 

(4.23) 

(4.24) 

and the following estimates for the expectation, the second, and the (2k)th 
moments of XA : 

1 2 
~_(XA) = vl(f_(t~)-- gz(t~ )) + ~fgz(tA ) 

=g foO A ' +O(A  3/2) (4.25) 

n:(X~) = E ( x U )  + E(X~ 2) + 2E(XJ ) E(X~ ) 

= 202v~A 1 + 0(A-3/2) (4.26) 

E(X~k)~22k-1E((X~)2k)+~_((x~)Zk))<~DKA -k (4.27) 

By using (4.17) and (4.25)-(4.27) we obtain that 

(a) <<.e I(D4D2)I/2KA(t)A 3/2 
(4.13') 

(b) = 202v2 K A( t ) A -1 + K A( t ) 0(A-3/2) 
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Therefore, to conclude the proof of Lemma 4.1, we need only show that for 
all T < oe and e > 0 

lim P({ sup IKA( t )A  1 - - � 8 9  (4.28) 
A ~ o v  t e [-0, T ]  

Let Tn( t )=  ZT=o tA , i  and c = �89 be definition of KA(T)  we obtain that 

{KA(t ) -  c A T >  Ae} ~_ { TKA(r)> aa + cAT}  

{ TKA(T) > T[eA + cat] } ~ { t + tA, KA(T ) > T[~ A + cAq } 

(4.29) 

where [x]  denotes the integer part of x. Note that by (4.24) 

E( TE,A + cA,] ) = (cA + cAt  )( cA ) -1 + O( A -3/2) = ec 1 + t +  O( A 1/2) 

Then 

{ t + tA, KAy,) > T[_~a + oat] } 

= {tA,KAU) > T[_~A+~m 3 -  ( t + e c - 1 ) + e C  1} 

~_{ITt~A+~At3--( t+ec ')[>~�89 -1} 

w ({IT[~A+~A,j--(t+ec 1)1 >~2~c -1} 

c~ {tA,K~r TEeA+~m ] - ( t + ~ c  1)+eC-1}) 

{T[~A+cAt]- (t+~3C--I)> �89 - I }  U {tA, KA(t)> I/3C--I} (4.30) 

Moreover, since [cf. (4.11)] 

[_cAt] + 1 [ c A t ]  + 1 K A ( t )  -- 1 

E E E 
n = 0  n = 0  n = 0  

we obtain in a similar way as in (4.30) that 

{KA(t) < c A t -  Ae } 

~- { TEem] + 1 -- t >1 TKAU)+ [,~] - -  T K A ( t ) -  1 } 

1 1 

-I- tA,[cA] + 1 w -~ec -1 > 5 e c - 1  (4.31) 
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the fourth moment, and By (4.30), (4.31), Chebychev's inequality with 
(4.24) we have 

e({JKAt) A-l-ctl >~}) 
P({KA(t)  - cAt > A~}) + P({KA(t)  < c A t -  eA }) 

<<.clt3A 3 + c 2 A - 3  (4,32) 

Now, let [0, T] U = U . = I F . , F . = E u .  1 , u . ] , u o = O , u . = T , ] u . - - u . _ I ] < ~ 6 .  
Then 

P({ sup IKA(t) A X--ct[>~} 
t~  [0, T]  

N 

~< ~ P({sup IKA(u) A - l - c u [  >e}) 
17=1 u ~ F,, 

N 

~< ~ [P({sup [KA(u) A -1 _ cu] > ~} ~ {(KA(u.) -- KA(u._ 1)) ~< ko}) 
n = 1 U~Fn 

+ P ( { [ K A ( u . ) - K A ( u . _ I ) I  >ko})]  (4.33) 

We first handle the second term on the rhs of (4.34). Since 

KA(Un)--KA(U._I)<~inf k>>.KA(u._l): ~ tA,j>~Un--Un_ 1 (4.34) 
j = K A ( u . -  l )  

by homogeneity and noting that [ u . - u . _  11 ~< 6, we have, therefore, that 

P({KA(u.)  - KA(u._ 1) > ko}) ~< P({K(6) > ko}) 
/ (ko 1 

<~ C4e~'~(1 + 2a/cA) 2ko (4.35) 

To get the last inequality, we have used (4.16) and (4.22) with e -~'t instead 
of t. 

Finally, since, for all u ~ F, ,  l u -  u,,I <~ 6, we obtain for the first term 
on the right of (4.33) 

{ sup IKA(u ) A - -1  __ CL/I > E}  ('5 { K A ( U n )  - -  K A ( U "  _ 1) > ko) 
U e T n  

_= {sup I (Ka(u . ) - -KA(u) )A-1 l  + IKA(u.)A 1 -cu . [  > e - 6 c }  
u ~  Fn 

{ KA(u.) -- KA(u . -1) < ko} 

~_ { [KA(u.) -- eUn] > ~ -- 6C-- koA-1  } (4.36) 
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and this fields 

P({sup IKA(u) A 1--CUI>e}) 
ue  Fn 

<~P({IKA(u,)--CU,I >~-g)c -koA-1} )< .  CsT3A 3 (4.37) 

The last inequality follows from (4.32), for 3 small enough and A large 
enough. Then, choosing 6 = A -3/2, ko >~ 3, and 6 = A 3/2, (4.28) easily follows 
from (4.34), (4.35), and (4.37). | 

5. T H E  C O N V E R G E N C E  OF T H E  M E C H A N I C A L  P R O C E S S  

In this section, we complete the proof of Theorem 2.1 by showing the 
closeness of the processes QA and (~A" This is the subject of the following 
proposition. 

Proposi t ion  5.1. Let (~A be the process defined in Section 4; then, 
for all T <  +pc, 

lim P({ sup IQA(t)-Q.A(t)I>e})=O 
A ~ o o  t~ [O,T] 

Proof. 

A ~ o o  

We may write [cf. (4.8)] 

By Lemma 3.4, we need only show that 

lim P(t-2A(T)n { sup IQA(t)--O_.A(t)I > e } ) = 0  
~ rO, T1 

QA(t)--O.A(t) 

[ ((')1 = Q'~,o + QA(t ) -  QA z'a,j 
\ j  

N'A(t ) U'A(t ) K~(t)  

~, (Q'Ad-- QA, j) + Z (Q'A,j-- OA,j) - Z XA,, + 
j = l  j = l  n = 0  
jG NI j ~  N2 

and 
{ sup [QA(t)- QA(t)[ > ~} 

t e  [0, T] 

_ sup ( Q S d -  0A,j) > 5  
( t  ~ [0, T] j = l  

j ~  NI 

t sup 
L t e  [0, T] j = l  

j E N2 

sup XA.  > - l w ~  sup ') e 
l t E [ 0 ,  T] n = 0  ' 5 J  ( t c [ 0 ,  T] j = K ~ ( t )  

N'A(t ) 

2 
j = K~ (t) 

QA,j 
(5.1) 

(5.2) 
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We start by computing the probabilities of second and third sets on the 
right of (5.2). Since sup,~Eo, rl IQA(t)I and sup~to, rl 10A(t)l are bounded 
by DIAT  2, D t a finite constant, and since for all j > 0 ,  

' za,j) + ~f[zA,j+ ('r~+j) 2] [Q.4,j[ <2/ ) I ( 'CIA, j  + i +  1 ,2 

1O~,jl < 2v,(i~,,+ ~+j) + �89 
for a < ~ ~< 1/20 we have that 

~-(IQ'A,s- OA, jl X"{j~ N2} C~s 

~< ~([IQ~,j[ + 10A, jl] X{j~N2}c~K2A(T)) 
<~DIATZ[P({z'A_j> A -1+~} nf2A(T))+ P({z'a+j> A '+~} nf2A(T)) 

+ e({r > A 1+~}) + e({'~+,y> A l + y } ) ]  

+ 2(2v~A -1 +~ + fA -2(~ +~)) p({ j~  U2} ~ t'2A(T)) 

<~D4A 3/2+ 3~ (5.3) 

we get the last inequality by Lemma 3.4, Lemma 3.3, (3.50), and by 
observing that for a l l j  and 7, k > 0  [see (4.18), (4.24)] 

P({i~. j>A ~+~})+P({~,j>A-~+~})<~2D3k[A - ~  (5.4) 

Therefore, usin~ Lemma 3.3, Chebychev's inequality, and (5.3), we obtain 

N'~(t) (Q'A'S--O-A'J) 5} 
P({tSI~oP, T] j~=l 

jE N2 
<<. P( { N A( T) > rAT} ) 

IrA T] 

j--1 
<~ DsA -1/2 + 3r (5.5) 

We shall now handle the third set on the rhs of (5.2). Since for all 
t~ [0, T], Q'~,o and 

( o' )) rF IQ~,ol+ sup QA(t ) -Qa Z'A,j 
t c [-0, T] \ j  

as in (5.3), so that again by Chebychev's inequality 

P AS,o] + sup QA(t ) -Qa z' A,j >e -1 /5  c~(2A(T) 
t~ [O,T] \ j  

~<10D4e 1A-3/2+3e 
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It is more delicate to estimate the probabilities of the first and of the last 
two sets on the rhs of (5.2). 

It is useful to define besides E" a stronger property E. 

P r o p e r t y  E. We say t h a t j  as property E if the following two condi- 
tions hold: 

Ea" during the interval A],j, the mechanical stick has not more than 
two collision with a fresh atom with pl = +vl and not more than 
two collisions with fresh atoms with p~ = -v~ 

Eb: the fresh atoms which collide with the mechanical stick during 
AA, j are the same as those which collide with the virtual stick 
and which define "' + QA, j and QA,s~'- 

Note that property E implies property E. 
We shall use the fact that the probability of E to fail is small. This is 

established in the next lemma, whose proof we postpone until the end of 
this section. 

k e m r n a  5.2. Let Ej be the set of trajectories of which j has property 
E; then for all j =  0,..., N](T), 

P({jEN1} c~ (f2A(T) n E;)<~ CsA -1+4y | 

By Chebychev's inequality it follows that 

P sup ~, ' " (QA,j-QA,j) > ~OA(T) 
\ ( . te [0, T] j~N,  

~<p sup 2 (Q;,,j-0A,j)X~; > ~  aC~A(T) 
\ (.re [0, T] j e N l  

(5.6) 

where ~j is the time defined in (3.44). 
We shall start with the first term on the rhs of (5.6). As in (5.5), by 

replacing {j~ N2 } with E~, we have 
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N:,(,) ZEj > ~ 

<~ P( { N'A( T) > rAT} n s A( T) ) 
[rAT] 

+15e -1 ~ E(IQ],j-QA,jlZEyc~{j<~N'A(T)} 
j--1 

<<. DsA - m  + 3~ (5.7) 

From the construction of ~' QA.j, we obtain that on Ei 

O.'A,j = Q'A'j + r i b - 1 -  �89 + Q'A+,j-- vtuj 
with 

. j  = (QO,+j - v ,  ~ ; ,+ j ) /2v~ 

Since i j - u j  =fij/4v l, it follows that 

lQ'A,j-QA,j+vl~j_l- �89189 ZEj<~fi~ (5.8) 

and therefore by Chebychev's inequality 

P ( t  sup  N~;)(QtA,j--OA,j"~-I)I'j_ 1 
\ L t ~  [0, T] j 1 

~< P({N~(T) > rAT} n QA(T)) 
[rAT] ( 

+ 1 5 e - i  2 E Q'~,j-O+vlij  , 
j = l  

1 "2 1^ f i~  --~fq_,-v tj+~ z~c~ {j~N'AT)}) 
D6 A - 1/2 + 3~ (5.9) 

The last inequality follows from (3.48), (3.50), and (5.8). 
Finally, for the last set on the rhs of (5.6) 

,v:~(,) [ f t "2 j~N t -~16 1Jf-2 '~--l'Jf-#Jl'J--2flj)~Ej 

= Z -v i t / - l+~f i ) - ,  Z,;_,~{(j-,)+N2} j~ N1 
1 2 

+ (Vl 'J--2 fZ~ ) )~E;_,~ {(j+ t)eN2} 
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and then, in the same way as in (5.7), we obtain that 

p ( t  sup N~(](_vl i ,  - f*2 + v l ~ _ f i 2 )  X& >1~ } 
\ t t ~  [0, r ]  j~N 1 l q-2I)--I 

<~ D s A - l  + 3~ (5.10) 

We shall complete the proof of Proposition 5.1 by estimating the 
probabilities of the last two sets on the rhs of (5.2). Since both sets can be 
handled in the same way, we shall only deal with 

K2r I 

Let a > 0; then from (4.27) and (4.28) we get 

~<P({ sup K 2 ( t ) > A I - a } )  
te [0, T] 

~<P({ sup K J ( t ) > A  1 a } ) + D s ( e - D 9 A  a) 2 A 6 (5.11) 
te [O, T] 

where we have used Chebychev's inequality. 
Hence we only need to show that the first term on the rhs of (5.11) 

goes to zero as A --+ c~. By definition of K2(t)  [cf. (4.7a)] 

{ sup K ~ ( t ) > A  l-a} 
tE [0, T] 

t N'a(t) [" N'A(t) \o AI 6 } 
: sup ~ ( i a , , - r ~ , , ) + ( t -  ~ ~ , )1>~ 2 tA,. 

( /~ [0 ,  T] j 1 \ j = l  ' / I  n=0  

t AI-a , - a }  

N'a(t'(,~A,j__~IA, j) q._(I N'A(t) \1 --a} 
(5.12) 

Choosing 6 <  1/2 and 2 < c - 2 0 ,  we obtain by (4.16) and (4.21) that the 
probability of the first set on the rhs of (5.12) is bounded by 
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p tA,n<<2 A a ~<exp(~2A a)]E(exp[--~tA,o])  A' a 
n 0 

~ D 1 6  exp(2Aa)[O-1/(O 1 + ~A)]2A1 a 

~ D l o  exp[--  (c-- 2) A a] (5.13) 

where ~ = A 2a. 
Finally, note  that for the second event on the rhs of (5.12) 

sup 2 (G,j-r;,,j)+ t -  ~ r;~,~ >,~A-a 
~te [0, r] j= l  j=l  

_ sup (eA,j -  z~.j) > - - -~ j~  
tE [0, T] j = l  

j~ N1 

k_)t SD p N~t) )~A-6) 
~t~E0, T] j= ,  (~*J--~;' ,A > - -T- -~  

j ~ N 2  

sup , -  E (5.14/ 
te [O,T] j =  1 

and therefore we may bound the probabilities of these sets in the same way 
as for the corresponding sets for the increments (~A,s and Q],j.  Proposi- 
tion 5.1 follows easily from (5.2), (5.5), (5.7), (5.9), (5.10), and (5.14) for y 
and 6 sufficiently small. | 

Proof of  Lemma 5.2. In the following, j ~  N 1 and ~o ~ s ). Since 

E~ = {Ea does not hold for j} 

w {Ea holds and E b does not hold for j} (5.15) 

for j e  N1 there exists n such that 

t+ _ m +  
A A , j  - -  A,n o r  

r +  - -  + A A , j - A A m w A a m + I  

Thus, 

{j~ NI } n {Ea does not hold for j} 

- A § and Ea does not hold } = {for some n, Ah+,j- A,n 

- A + and Ea does not hold } w {for some n, A~+j-  A, nwAA,n+I 

(5.16) 
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Furthermore,  recall that, for j e N ~ ,  during A~,j the mechanical  stick can 
only collide with at most  one fresh a tom with p~ = -v~  and with at most  
two fresh a toms with p ~ =  v~. Therefore, 

A '+  - -A + ~2A(T) c~ { j e N 1 } n  { f o r s o m e n ,  A,j-- A,n a n d E a  d o e s n o t h o l d }  

~- ( {k2n_ 1 - k2~n_ 1) = 0, the mechanical  stick has at least two 
collisions with fresh a toms with p l = V l during A +, n x A ~+j } 

w {k2. 1 - k2(._ 1) = 1, the mechanical  stick collides with at 
+ - -  t +  least one fresh a tom with p l  = vl during AA,. -- A A,s)) 

{ j~  N1} ns  

_ {the stick collides with a fresh a tom with p l  _- Vl at some time 
s ~ [S~2~j _~), S~2~j_1J + A 1+ ~] and with at least two fresh a toms with 
p~ = v 1 during Is, s + A - 1 +  ~] where the stick has positive velocity } 

u {n is not  connected with any k < n, the mechanical  stick collides 
with a fresh a tom with p~ = - v l  at some time 

s e (S~(j_I~, S~2~j 1~ + A 1 + ~] and with at least one fresh a tom 
wi thp  1 = v~ during [s, s + A 1 +y] where the stick has positive 
velocity} 

w (k(c) j for some k < j ,  j ~ N 1 }  

n {the stick has at least one collision with a fresh a tom with p~ = vl 
during [S~2~_ ~ + 1, S ~ _  t + 1 + 2A - 1 + ~] where it has positive 
velocity } ) 

~ ( f 2 ~ ( V ) r ~ ( { z ' ~ _ s > A  ~+~}w { r ~ : > A - l + ~ } ) )  

For  the third event observe also that  

P ( P ( { k ( c )  j for some k < j, j ~ N 1 } 
c~ {the stick has at least one collision with a 

fresh a t o m p  1 = v I during [S~2j_ 1 + 1, S'k2s_l + 1 -[- 2A -~ +r]  
where it has positive velocity }[QA(s), s < S~2j_ 1+ 1)) 

= P ( { k ( e ) j f o r  some k < L j e  N1 }) 

x P({ the  stick has at least one collision with a 
fresh a tom with p l  = v~ during [S~2j_ 1 + 1, S~2j 1 + ~ + 2A - 1 + ~] 
where it has positive velocity}[ Q A( s ), s < S'k2j_ ~ + 1)) 

and note that S'  is a M a r k o v  time. k2j 1+1 
Thus, from Lemma 3.1 with k =  1, (3.40) with n o = 2 ,  (5.3), and by 

estimating the first three events above with "Poisson dominat ion,"  we 
obtain that  
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P( {j + N 1 } c~ (2A(T) 
A ' + - 3  + a n d E a d o e s n o t h o l d } )  c~ {for somen, A, / -  A,. 

<~ D'sA - 1 + 4 7 (5.17) 

Moreover, 

' + - A + w A A n E a d o e s n o t h o l d }  { J e N 1 } c ~ g 2 A ( T ) c ~ { f o r s o m e n ,  A A d  - A,n , +, ,  

__ --  A + kzn  1 - k 2 ( n  O, c {for some n, A'A+j_ A,.nk.AZ]A,n+I, __1)= 

the mechanical stick has at least one collision with a fresh atom 
with p l = -Vl  during A A,. + 1 or at least with fresh atom with 
pl = vl during 3+,.  w Z~A,n+ 1 } 

u {for some n, A '+ - A  + k z . _ l - k 2 (  . 0} A , j - -  A , n k ' J A A , n + l ,  - -1)  ~ 

The probabilities of both these events may be handled in a similar way as 
before. That the last event has sufficiently small probability can also be 
read off from (3.48) of Lemma 3.4 and (3.59) (3.61) of Lemma 3.5. There- 
fore, by (5.17), we obtain that 

P ( { j 6  N~ } c~ g2A(T ) c~ {(a) of property E does not hold}) ~< D H A  -1 +4~ 

(5.18) 

For the second event on (5.16), suppose that Eb does not hold for the 
increments ~ ' -  ' - Q A, j and Q A, S. 

Let d(t )  denote the distance between the mechanical and the virtual 
stick at time Sk~. + i. + t, It is clear that to treat events for which Eb does 
not hold, we shall need bounds on d(t). Let n be such that A'A,-j=AA\.+~; 
by (3.60)-(3.62) of Lemma 3.5 it suffices to consider two cases: either 
n(c) (n+ 1), k 2 n + l - k 2 . =  1, k z . _ l - k 2 r  and n, ( n -  1), and ( n - 2 )  
are not connected, or (n + 1) is not connected with any k < (n + 1 ). 

Note that the virtual stick and the mechanical stick start at time 
Sk2. + i~ at the same point, with, however, different velocities ( -  v~ for the 
virtual stick and - v l  + f i n  for the mechanical stick). 

If n(c)(n + 1), then during AA,.+a the mechanical stick may recollide, 
but its postcollision velocity in a recollision is bounded by -v~  +fzA, .  
[el. (3.21)]. Therefore, we have 

d ( t ) ~ f ( % ~ , j ~ ) t  for all 0~< t~<'~A,.+~ (5.19) 
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If, furthermore, n is connected with (n + 1), then we have that 

d(t)<~fint foral l  O~t<~iA,n+ ~ /X (rA,~+~--Z.) (5.20) 

If an a tom collides at time Sk2. + in + t with one of the two sticks and if it 
collides with the other stick, say, at time Sk2. + i. + t + a, then 

_ fd(t)/ f t  if p~ = -v~ (5.21) 
~ ~d(t)/vl if p l  = 1.)1 

Therefore, if E b does not hold, then one of the following three cases may 
occur: 

(i) A fresh a tom collides with one of the two sticks in a region 
I y c  [0, y ]  u [ l - y ,  l] of length y<~v2a. 

(ii) The first collision of the mechanical stick is at time S~. + in + s 
for some s and is with a fresh a tom with p~ = - v l .  The first collision of the 
virtual stick is at time S~2 ~ + i. + t for some t and happens with a fresh 
a tom with pl  = Vs. If (i) does not occur and if the fresh atom with pl  = v~ 
collides also with the mechanical stick, say, at time Sk2o + in + w, then 

d(s) 
It-sl  < ~ - -  

is 

Otherwise, the a tom which collides first with the mechanical stick would 
also collide first with the virtual stick and 

d(t) 
I s -  wl ~ l s -  tl + [ w -  tl ~ + 

I) 1 
(5.22) 

(iii) The mechanical stick collides with a fresh a tom with p I =  -v~ at 
time Sk2. + in + s at the point y E [0, l] and the same atom "collides" with 
the virtual stick at the point y '  c [0, l] and at time S~. + in + t, t > s. In this 
situation, if Eb does not hold, then either (i) occurs for the collision with 
a fresh a tom with p ~ =  v~ or only one of the two sticks recollides [recall 
that a recollision for the virtual stick was defined to be nonmechanical; 
cf. (4.:l)1. For  this latter situation, note that if p 2 <  0 (p2> 0), then 

t+ y ' / v2=s+ y/v2 ( t + ( l - - y ' ) / v 2 = s + ( l - y ) / v 2 )  

Let ~ stand for either one of the times t + y'/v 2 or s + y/v2 ( ( l -  y')/v2 or 
d f(T1-2~2 S + (l-- y)/V2). Let = J t A,j J , where d is a bound on the sum of the distan- 

ces between the trajectories of the two sticks and of the trajectories of the 
mechanical stick and of the a tom which collided at time Sxz~ + i .  + s during 
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A 2 n + l .  Therefore,  if a fresh a tom with both  p~=vl  collides with both  
sticks, the virtual and the mechanical,  say, at times S k 2 , + i n + w l  and 
Sk2o + in + w2, respectively, then ]w 1 - w2[ < d/v~ and if only one of the 
sticks recollides, then Sk2, + in + wt or Sk2, + tn + w2 certainly belongs to the 
interval [Sk2, + i n -  d/v1, Sk~ + in + r ] ,  for otherwise both  sticks would 
recollide. Using this, (5.20), (5.21), and (3.59), we obtain that  

P({A'Asj = A ~,(n+ 1) for some n, (n + 1) is not  connected with any 
k < n + 1 and one of the three of (5.22) does not  hold }) 

~< e({r~+j_  1 > A -1 +7} n ~(r)) 

+ p ( { ~ , j > A - , + 7 } n D A ( T ) ) + p ( { z A ,  j >  A 1+,}) 

+ 4 [P--f4 A -2 + 27 (vz f-f- A -Z + ZT ) + pv1A - ' + ' (Vz vl ~v A - 3 + 37)] 

(5.22)(i) 

(5.22)(ii) 

f A-2+7<D12A-1+4~ + 2plfA -2+Z~plvl ~vx 
(5.23) 

. ,  I 

(5.22)(iii) 

The last inequality follows from (5.3), Remark 3.2 for no ~> 2, and (5.5) for 
k > 1/7. 

Note  that on 

{for some n, A~7 j = Aj,~, n(c)(n + 1), 
k2n+l-k2n =l ,k2n  1-k2( ,  1)=0,  
is not  connected with any k < n } 

only (i) can fail. Therefore,  by using (5.19) to bound  a in (5.21), we have 

P({for  some n, A'A_j = AA-,n, n(c)(n + 1), 
k2n+ l - k2,= 1, k2,_ 1 - kz(,,_ 1) = 0, 
n is not  connected with any k < n } 

c~ {one of the three condit ions of (5.13) does not  hold }) 

~< P({ the mechanical  stick collides with a fresh a tom with p l = v~ at 
time s e A ~,, and with. at least one fresh a tom with pl  = - v l  
during Is, s + �89 1 v2A - t +7] } 
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c~ {condition (i) of (5.22) with 
u = f / v  I(A - 1 + y + f /2v  1 A - 2 + 2 7) A 1 + 7 does not  hold for 

Q'A,-s ( = Q A,, + 1) of 0A, j}) 
+ p(f2A(T) u({z~,n> A 1+~/} 
u { z 2 , n + l > A  l + , } u { z j ,  n >  A 1+,}))  

<~plvlA l+Tplvl( f /2vlv2)  A 1+~ 

<~2pv lA-Z+ae( fvz /v l ) [A  l+.+ +( f / 2va )  A 2+2~] 

+ ( 2 D 3  A - I + 2 C 4 A  1+4~) 

~<D13 A - l + 5 ~  (5.24) 

To  obta in  the second es t imate  we have used (5.4), L e m m a  3.3 with no = 2, 
and tlhe obvious  "Poisson  domina t ion"  similarly as in (5.23). 

Finally, we obta in  that  

P ( { E  a holds and  E b does not  hold for Q'A,-/and QA,j} ~ (2A(T)) 

~< P({(n  - 1), n, ( n +  1) are connected} n f2,~(T)) 

+ P({n(c) (n  + 1), n is not  connected with any k < n and either 
k 2 , - k 2 n > 2 o r k 2 ,  1--k2(n_l)>~l}  

+ P({for  some n, A'A,j= AA-,n+ 1, n(c)(n + 1), k2, + 1 - k2n = 1, 
ken - 1 - k2(n _ t) = 0, n is not  connected with any k < n, one 
of the three condi t ions of  (5.22) does not  hold }) 

+ P( {for some n, A'A.j = A ~,n + l, (n + 1 ) is not  connected with any 
k < n and  one of the three condit ions (5.22) does not  hold } 

n g2A(T)) 

<~ CsA -1 +~ + D8A -1 + (D12 + DI3) A -1 + 5y (5.25) 

The  last inequali ty follows f rom (3.60), (3.61), and (3.63) of  L e m m a  3.5 and 
(5.23), (5.24). 

To  complete  p roof  of  the lemma,  we now consider the set 

'+ Q + ~ , j } ~  B = {E~ holds and E b is violated only for Q,~,j and ~ + f2A(T ) (5.26) 

Let us denote  

d =  sup d(s) and 5 = d / v  1 
O~S~'CA, j 

822/55/3-4-17 
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Roughly speaking, ff is the maximum time that a fresh atom with p l = v l, 
which collided with one stick, needs to reach the other. 

First, we observe that 

B _  ({the virtual stick collides with at least one atom during 

s~2,,_~,+~j_l+~,j, sL,,_l,+ij l+~2j+e3} 
w {the mechanical stick collides with at least one fresh atom 

during (S~21j_II + z ~_j, Skaj_lt + z ~,J + ff ] } ) 

w (B c~ {the virtual stick does not collide during 

s'~j_,, + b 1 + ~. j ,  sL,,_,, + ij_, + ~;.;+03} 

c~ {the mechanical stick does not collide with a fresh atom 

during (S~a j 1~ + z'A,j, S~,~j ~ + ~'A,-j + g] } 

-= BI ~ B2 (5.27) 

For  this, note that in the event B 1 one of the two sticks may change its 
velocity prior to the time where the negative increment of the other stick 
ends. 

- <  , . g -  2 Since {~ ~2f(zA,  j A ,4,j), we obtain, similarly as in (5.23) and (5.24), 
that the probability of B~ is bounded by D14A 1+~ 

Now, to handle the event B2, we need some more detailed information 
A'+ - A  + on d(t). We distinguish the situations where, for some n, (1) . j -  A.. or 

(2) '+ - A  + = A ~ . w d A . +  A a , j -  A,n , , 1. 
In the first case again we distinguish two situations where during A + A,n 

the mechanical stick does or does not collide with a fresh atom with pl  = v~. 
We start with the latter situation. Let do(t) = d(fA,j  + ~ + t); then 

do(t) <~ d(g~,a + if) + f e t  (5.28) 

because [ T ~ , j - i j _ , - g 2 J [  ~< ff and therefore the velocities of the two sticks 
at time S~{~_l~ + i~_ 1+ r + a cannot differ more than f& 

In the second situation, the difference in the velocities of the two sticks 
may be bounded by f ( 4  + t) and hence 

d o ( t ) < ~ d ( ~ , j + f f ) + f ( ~ + t ) t  for all 0~<t~<~],j (5.29) 

Since IT'A_ j -  f n , j - - t }  ~] <~ ~, we have a trivial bound on d ( g . j +  if) which 
is given by the deviation of the parabola from the tangent, namely 

d(r + if) ~ ~ f (25)  2 = 2f~ 2 (5.30) 
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If all the atoms that collide with the mechanical stick during A'f j  collide 
also with the virtual stick, then 

do(t)~2f~2+ f~t, O<<.t<~ i+,j (5.31) 

On .(2A(t)~ {r' A,j<~A-I+7}n{'~'A,j<~A -1+7} we obtain by (5.19) and 
(5.20) bound on do(t) which are used in he inclusion below to give essen- 
tially a detailed description of B 2 [-see (5.26) and (5.27)] 

B2~f2A(T)(3 { A,j<~A (3 { A,j<~A 

({ the  mechanical stick collides with a fresh atom with pl = Vl at 

some time s ~ [S;2j_ ~ + 1, S~,2j ~ + 1 + A - 1 + ~ ] when it has positive 

velocity} 

/ f  
[~the  mechanical stick collides with a fresh atom at some time 
\ k  

u e [s, s + A - 1 + 7 ] in a region Iy _ [0, y ] w [l - y, l] of length 

f 
u ~the virtual stick collides with an atom in a region 

Iy~_ [0, y ]  u [ l -y ,  l] of length 

I the  mechanical stick collides with a fresh atom in a region t._) 

I y ~  [0, y ]  u [ l -y ,  l] of length 

{the virtual stick collides with an atom in a region 

Iy~ [0, y ]  w [ l -  y, l] of length 

(5.32) 
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Similarly as in (5.24) and (5.23), we obtain from this 

P ( { E  a and Eb hold for Q~-j and QA,j ,  

E b does not  hold for QA,j'+ and Qa, j }  ~ + 

~ ( 2 ~ ( T ) ) ~  D14 A - ~ + ~  

Then (5.18), (5.25), and (5.33) yield the lemma. 

(5.33) 
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Krohn.  (3/Their interest in our  work is gratefully acknowledged. 
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Added note:  After the death of  Paola  Calderoni  this work was 
reviewed by S. Goldstein and C. Boldrighini. S. Goldstein (personal com- 
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